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1. INTRODUCTION 
Equicontinuity of the spectra of topological algebras was proved 
to be of a particular significance in connection with topological 
tensor product algebras, especially when (topological) completeness 
of such algebras had to be considered (cf., for instance, [II]. [I7]). 
On the other hand, it was also proved [13] that only local equi- 
continuity [3] is needed, whenever, in this respect, equicontinuity 
has been used instead. 
We consider in this paper a fairly large class of topological algebras, 
i.e., m-barreled locally convex algebras (cf. Section 2), for which 
local equicontinuity of the spectrum is equivalent to its local com- 
pactness. FrCchet algebras with locally compact spectrum, e.g., 
Stein algebras (cf. Section 4 below), and, more generally, topological 
inductive limits of such algebras belong to this category of algebras. 
The situation described comprises a recent result in ([3]; p. 108, 
Theorem 3.1), which was also the motivation to the present setting. 
We consider, furthermore, an application of the preceding concerning 
the spectrumof certain infinite tensor product topological algebras [12]. 
An other application of the said result in [3] combined with the theory 
of topological tensor product algebras [II] is given by considering 
topological tensor products of Stein algebras (cf. Section 4 below). 
Finally, a particular class of the topological algebras dealt with 
in the following has also been recently considered in [IL?]. Thus, 
Section 3 below gives information concerning the continuity of the 
Gel’fand map for the topological algebras involved, which extend 
and improve the corresponding results in [ZS]. 
2. m-BARRELED ALGEBRAS 
By standard terminology, a locally convex (Hausdorff topological 




convex, closed and absorbing set) in it is a neighborhood of zero. 
If E is a (locally convex) topological algebra an m-barrel in E is an 
idempotent subset of E (i.e., a set A C E with AA C A), which is 
also a barrel for the locally convex space E. 
A locally convex algebra is called m-barreled if every m-barrel in 
it is a neighborhood of zero. 
Every FrCchet space (i.e., a complete metrizable locally convex 
space) equipped with a separately continuous multiplication (i.e., 
a FrCchet locally convex algebra) is an m-barreled locally convex 
algebra. A fortiori, every FrCchet locally m-convex algebra [14] is an 
m-barreled (locally m-convex) algebra. More generally, every barreled 
(locally convex) space with a separately continuous multiplication 
( i.e., a barreled locally convex algebra) is an m-barreled (locally 
convex) algebra. Barreled locally convex algebras with (jointly) 
continuous multiplication and hence m-barreled algebras in the 
present terminology have recently been considered in [l.5]. On the 
other hand, not every m-barreled algebra is also a barreled one, even 
in the presence of a continuous multiplication: S. Warner [18] gives 
an example of an m-barreled locally m-convex algebra, which is not 
a barreled (locally m-convex) algebra. 
Remark. m-barreled topological algebras whose underlying topo- 
logical vector space is not necessarily locally convex have also been 
considered in the recent literature, however in a different context 
than that of the present paper. Thus, every complete a-normed 
algebra (with 0 < 01 < l), being a Baire space, is a barreled topological 
algebra. Moreover, if it is commutative (and has a unit), it always 
has a nontrivial spectrum (cf., for instance, [20], p. 344, Theorem 8). 
Now, let E be a locally convex algebra and let 9R(E) be its spectrum, 
i.e., the set of all nonzero continuous complex homomorphisms of 
the algebra, equipped with the weak topology induced on it by the 
weak dual of the locally convex space E [II]. 
The spectrum of a locally convex algebra E is said to be locally 
equicontinuous [3] if for every f E 92(E) there exists a neighborhood U 
off in W(E), which is an equicontinuous subset of the spectrum. 
The following theorem extends a recent result of R. M. Brooks 
(cf. [3], p. 108, Theorem 3.1) given for FrCchet locally m-convex 
algebras with identity. We find an interesting application of this result 
by considering certain topological tensor product function algebras 
(cf. Section 4 below). 
THEOREM 2.1. Let E be an m-barreled locally convex algebra and 
Jet !UI(E) be its spectrum. Consider the following statements: 
ON THE SPECTRA OF TOPOLOGICAL ALGEBRAS 303 
i) ‘%X(E) is a locally compact (Hausdofl) space. 
ii) %X(E) is locally equicontinuous. 
Then, i) implies ii). Moreover, if E has a unit, then the two statements 
are equivalent. 
Proof. i) * ii): Let U be a compact neighborhood of an element 
LIZ %X(E). Then, its polar set U” is a balanced, convex, closed and 
absorbing subset of E, i.e., a barrel and, moreover, an idempotent 
subset of E, since U C m(E), so that it is an m-barrel in E and hence, 
by hypothesis, a neighborhood of zero. Therefore, its polar and, 
a fortiori, UC Uoo is an equicontinuous subset of the spectrum, 
which proves the assertion. Now, if E has a unit, in addition to the 
foregoing, we also have that ii) * i): Since E has a unit, LUZ(E) is 
a weakly closed subset of E (cf. [Id], p. 22, Lemma 6.2), so that if U 
is an equicontinuous neighborhood off E %X(E), its closure 0 (in the 
weak topology of E’) is also an equicontinuous subset of E’ and 
hence (theorem of Alaoglu-Bourbaki) 0 n 93(E) is a compact 
neighborhood off in m(E), which finishes the proof of the theorem. 
By the reasoning in the second part of the preceding proof we 
also get the following strengthened form of a theorem of P. D. Morris 
and D. E. Wulbert (cf. [15], p. 334, Theorem 6.1): 
THEOREM 2.2. Let E be an m-barreled locally convex algebra and 
let m(E) be its spectrum. Then a subset of 9X(E) is weakly relatively 
compact if and only if it is weakly bounded. 
The following proposition provides an application of Theorem 2.1 
to a wide class of locally convex algebras including inductive limits 
of FrCchet locally convex (and, modulo an easy adaptation of its 
proof, locally m-convex) algebras. Thus, we have 
PROPOSITION 2.1. Let (E&el be a family of m-barreled locally 
convex algebras and let, for each 01 E I, fa be a homomorphism of E, 
into an algebra E. Then E, equipped with the finest locally convex 
vector space topology for which all the homomorphisms fa are continuous, 
is an m-barreled locally convex algebra. 
Proof. The algebra E equipped with the topology stated above 
is a locally convex algebra (cf., for instance, [12], p. 214, Proposi- 
tion 2.1). Now, if U is an m-barrel in E, then, for every 01 E I, f ;‘( U) 
is an m-barrel in E and hence, by hypothesis, a neighborhood of 0 
in E. Therefore, (cf. also [2], p. 72, Proposition 5), U is a neighborhood 
of 0 in E, which proves the assertion. 
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Remark. In connection with the preceding proof we remark that, 
if the algebras E, , 01 E I, are locally m-convex and we consider on E 
the corresponding “final” locally m-convex topology [18], then we 
may apply Proposition 1, p. 193 of that paper. 
The above apply to the following theorem, which is an improved 
and strengthened version of a previous result in [12], regarding the 
spectra of certain infinite tensor product topological algebras. We 
consider below infinite tensor products of locally convex algebras, 
the corresponding results in [12] needed herein being easily adapted 
to the present more general context. (Nevertheless, to facilitate the 
arguments we suppose that the locally convex algebras involved have 
(jointly) continuous multiplication; cf. also [II], p. 180, Remark). 
THEOREM 2.3. Let (E& be a family of m-barreled locally convex 
algebras with unit and let E be the corresponding in$nite tensor product 
locally convex algebra [12] such that the spectrum of I?, the completion 
of E, is locally equicontinuous. Then, all the algebras Ei , i E I, have 
equicontinuous spectra except of finite many of them whose spectra are 
locally equicontinuous. Moreover, E has an equicontinuous spectrum zf 
and only if this is the case for each of the algebras Ei , i E I. 
Proof. Suppose %V(@ is locally equicontinuous, so that since 
m(e) = 1)32(E) = li$m(E,) = n rn(E,) (2-l) 
2 
to a homeomorphism (cf. [II], p. 173, Lemma 2.1 and [12], p. 218, 
Theorem 5. l), m(e), and hence the product space in (2.1) as well, 
is a locally compact (Hausdorfl) space. Therefore, all the spaces 
%N(E,) are compact (HausdorfI) spaces except of finite many of them, 
which are locally compact. By the hypothesis, this implies that each 
raZ(EJ is an equicontinuous subset of Ei except of finite many of 
them which are locally equicontinuous (Theorem 2.1). Now, if %X(e) 
is an equicontinuous subset of E’, it is also weakly compact (Alaoglu- 
Bourbaki), since the algebra E has a unit and m(e) is therefor a weakly 
closed subset of E’. Hence, by (2.1), each of the spaces m(E,) is 
compact and hence weakly bounded in E; , which implies the equi- 
continuity of %N(E,), b ecause of the hypothesis for the algebras Ei . 
The converse follows by an easy adaptation to the present context 
of the proof of Proposition 3.2 in [12], and this finishes the proof. 
In particular, specializing to locally m-convex &-algebras we get 
the following corollary, which is an extension to the case of infinite 
tensor products, and an improvement as well in the case of finite 
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tensor products, of Corollary4.1 of [II] (cf. also [IA, p. 129, 
Theorem 3). Thus, we have 
COROLLARY 2.1. Let (E& be a family of commutative locally 
m-convex algebras with unit and let E be the corresponding infinite 
tensor product locally m-convex algebra. Then, I?, the completion of E, 
is a Q-algebra if this is the case for each of the algebras Ei , i E I. More- 
over, the converse is also true if, in addition, each of the algebras Ei , 
i E I, is an m-barreled algebra. 
Proof. If each of the algebras Ei , i E I, is a Q-algebra, then 
‘$X(E,) is equicontinuous (cf. [19], p. 7, Theorem 6), so that, by 
Proposition 3.2 of [12], W(E) is equicontinuous, which implies, since 
E is commutative, that E is a Q-algebra (cf. [II], p. 174, Lemma 2.2). 
Conversely, under the additional hypothesis for the algebras involved, 
if E is a Q-algebra, this implies (ibid.) that ‘9X(E) is equicontinuous, 
for every i E I, which in turn yields, as above, that the algebras Ei , 
i E I, are Q-algebras, and the proof is finished. 
3. CONTINUITY OF THE GEL'FAND MAP 
Let E be a locally convex algebra with (a nontrivial) spectrum 
‘$X(E). The set ‘932(E) with the relative weak topology of the weak dual 
of E is always a Hausdorff completely regular space. Now, the Gel’fand 
map is the homomorphism of E into the algebra V(IIJZ(E)) of all 
complex-valued continuous functions on %X(E) defined by 
g :x-+4 :f-+i(f) =f(X) (3.1) 
for every x E E and f Em(E) (cf. also [II], p. 173). The continuity 
of g(x) = 4, defined on LDZ(E) by (3.1), for every x E E, is an easy 
consequence of the definition of the topology of %X(E). We consider 
in the sequel the continuity of the map g (3.1), when the space 
V(‘$JJ(E)) carries the topology of compact convergence in %X(E). 
The following is a characterization, in terms of the topology of 
the spectrum, of those locally convex algebras for which the corre- 
sponding Gel’fand map is continuous. That is, we have 
THEOREM 3.1. Let E be a locally convex algebra, whose spectrum is 
‘$X(E). Then, the corresponding Gel’fand map g : E + %(%X(E)), the last 
space being equipped with the topology of compact convergence, is con- 
tinuous, if and only if every compact subset of %X(E) is also equicontinuous. 
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Proof. If A ED&Y) . ( IS weakly) compact, then, by definition of 
the topology in %?(IIJZ(E)), g is continuous if and only if the map 
gA . * E -+ %?JA), the last space being provided with the topology 
of uniform convergence, is continuous, and this is the case if and 
only if A is equicontinuous (cf. [I], p. 23, Proposition l), which 
proves the assertion. 
The following corollary is a strengthened form of Theorem 4.1 
of [15]. 
COROLLARY 3.1. Let E be an m-barreled locally convex algebra. 
Then the corresponding Gel’fand map is continuous. 
Proof. If A is a compact subset of m(E), then its polar A0 is an 
m-barrel in E and hence a neighborhood of 0. Therefore, A00 and, 
a fortiori, A C AN is an equicontinuous subset of E’ and the proof 
is finished. 
The question whether the continuity of the Gel’fand map for 
a locally convex algebra E implies that E is m-barreled is answered 
in the negative: A counterexample is provided by the example con- 
sidered in ([15]; p. 328) (b ecause of a similar question for the case 
of barreled locally convex algebras) appropriately adapted to the 
present setting. 
The same example as above gives also a negative answer to the 
question (motivated by the situation one has in the case of barreled 
locally convex spaces), whether the property “every (weakly) bounded 
subset of the spectrum is equicontinuous” characterizes the m-barreled 
locally convex algebras. 
A subset of a locally convex algebra is said to be m-bornivorous if 
it is idempotent and absorbs every m-bounded subset of the algebra. 
Now, a locally convex algebra is called m-infrabarreled if every m- 
bornivorous m-barrel in it is a neighborhood of zero. 
COROLLARY 3.2. Let E be a quasi-complete m-infrabarreled locally 
convex algebra. Then the Gel’fand map is continuous. 
Proof. Let K be a (weakly) compact subset of the spectrum (XII(E). 
Then, K is also weakly bounded and hence, by hypothesis for E, 
strongly bounded. Therefore, its polar set K” is an m-barrel in E. 
On the other hand, if B is an m-bounded subset of E, then there 
exists X > 0, with K C AB”, SO that B C hK”, that is K” is an m-borni- 
vorous m-barrel and hence, by hypothesis, a neighborhood of 0 E E. 
Therefore, Koo is an equicontinuous subset of E’ and, a fortiori, 
KC Koo n %X(E), which, by Theorem 3.1, finishes the proof. 
ON THE SPECTRA OF TOPOLOGICAL ALGEBRAS 307 
4. STEIN ALGEBRAS 
Let (X, 0) be a complex space in the sense of H. Grauert [9], where 0 
denotes the structure sheaf of X. A holomorphically complete complex 
space is called a Stein space (cf. [9]. By definition, X is in this case 
second countable [6]). 
A (complex) topological algebra is said to be a Stein algebra if it 
is topologically isomorphic to the algebra of holomorphic functions 
(:global continuous sections) on a Stein space [6]. 
By definition, a Stein algebra is a commutative FrCchet locally 
m-convex algebra with unit (cf. [9], [7]). If E is a Stein algebra and 
(X, S) is the associated, by its definition, Stein space, then VI(E), 
the spectrum of E, is homeomorphic to X (cf. [6], p. 311). Therefore, 
m(E) is a locally compact HausdortI space and hence (cf. [3], p. 108, 
Theorem 3.1 or Theorem 2.1 of this paper) a locally equicontinuous 
subset of EL . On the other hand, a Stein algebra is semi-simple if 
and only if the associated Stein space is reduced (cf. [6], p. 310). 
In the sequel we shall apply the foregoing by considering topological 
tensor products of certain topological algebraic sheaves, i.e., sheaves 
of Stein algebras. Hereafter, we also consider reduced complex 
spaces [IO], so that the Stein algebras involved are always semi-simple. 
THEOREM 4.1. Let (X, 6) be a Stein space and let E be a complete 
locally m-convex algebra whose spectrum m(E) is locally equicontinuous. 
Then, 
m(r(x, Q&E)) = x x W(E) (4.1) 
within a homeomorphism. 
Proof. By ([16]; p. 47, Corollary l), one obtains, for every open 
set UC X, 
within a topological isomorphism, so that, concerning the sheaf OeE 
whose the corresponding presheaf is given by the first member of 
(4.2) (cf. [4], p. 328), one has 
F(X, BEE) = l-(X, 9) B E (4.3) E 
(cf. also [4], p. 328, Proposition 9.2). Now, the assertion follows 
immediately by the hypothesis for the algebra E and [13]. 
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The following theorem says that the e-product of (semi-simple) 
Stein algebras is also a (semi-simple) Stein algebra. Thus, we have, 
THEOREM 4.2. Let (X, Co,) and (Y, Co,) be complex spaces. Then, 
qx, 0,) @ F(Y, U*) = qx x Y, @y&U*) (4.4) E 
within a topoEogica1 isomorphism for the corresponding topological 
algebras [16]. In particular, if the complex spaces given are Stein spaces, 
then 
!m(IyX x Y, u&l 7)) = x x Y 
within a homeomorphism. 
(4.5) 
Proof. The first assertion follows by the remarks in ([j]; p. 180, 
Appendix). Now, (4.5) is yielded by the discussion at the beginning 
of this section and ([13]; p. 104, Theorem 2.1). On the other hand, 
the scholium preceding the statement of the theorem is now a conse- 
quence of ([13]; p. 104, Section 3) and ([IO]; p. 222, Corollary 5). 
Now, let E be a Stein algebra associated to the Stein space (X, 0). 
By ([7j; p. 158, Theorem l), there exists a sheaf d of commutative 
(complex) algebras with unit over m(E), the spectrum of E, such 
that (X, 0) = (m(E), 8) t o a bimorphism for the corresponding 
ringed spaces (ibid., and [9], p. 8, Definition 1). By the foregoing, 
(4.5) may now be considered as a particular case of an “invariant form” 
of Theorem 4.2 in ([II]; p. 178) (cf. also [13], p. 104, Theorem 2.1), 
in the sense of the following theorem. Its proof is an immediate 
consequence of the preceding, so that we omit the details. Thus, 
we have 
THEOREM 4.3. Let E, F be Stein algebras associated to the Stein 
spaces (X, ~9~) and (Y, 0,) respectively. Moreover, let (W(E), &) and 
(m(F), 9) be th e corresponding by [7] ringed spaces. Then, c?& [4j 
is a sheaf of Frbchet locally m-convex algebras over m(E) x W(F) 
such that 
%Jl(SeF) = m(s) x !m(Aq (4.6) 
within a homeomorphism. 
Remarks. 1) Fiber bundles of tensor product Banach algebras 
have been recently considered in [8]. 
2) It seems that (4.4) is known for arbitrary (not necessarily 
reduced) complex spaces (L. Kaup, unpublished). 
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